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Eigenstructure vs Constrained H* Design
for Hypersonic Winged Cone
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A variant of the eigenstructure assignment is developed to decouple phugoid and short periodic oscillations in
longitudinal control of the winged cone, a benchmark hypersonic vehicle with airbreathing propulsion. The new
method consists in minimizing the H* norm of some closed-loop transfer matrix incorporating the undesirable
couplings subject to the constraint that the closed-loop poles are consistent with such specifications as the military
standard flying qualities of piloted aircraft. This constrained H* method, with proper frequency-dependent
weights, provides, in an indirect manner, the eigenstructure assignment consistent with the specifications on the
responses. This new method and the traditional eigenstructure assignment are compared.

I. Introduction

HE purpose of this study is to highlight some specific decou-

pling issues in longitudinal control of the newer generation of
airbreathing launch vehicles in hypersonic regime. The so-called
winged cone, a reusable launch vehicle concept still being consid-
ered by NASA, is chosen as benchmark model. Critical in longitu-
dinal control is the placement of the closed-loop poles at locations
specified by, for example, the military standard flying qualities of
piloted aircraft (MILSPEC), along with the achievement of a cer-
tain degree of decouplingbetween the phugoid and the short-period
modes. More specifically, because airbreathing vehicles are vulner-
able to change in angle of attack, it is imperative to achieve accurate
angle-of-attack control and decoupleit from the phugoid mode.

This decoupling is traditionally achieved via the Shapiro eigen-
structure assignment.In this paper, we developan alternate approach
basedon transcribingthe amountof undesirablecouplingin terms of
the H° norm of some specific closed-looptransfermatrix and using
genetic algorithms to achieve the least possible H* norm subject
to closed-looppoles specifications. Comparison results between the
traditional Shapiro eigenstructure assignment and the constrained
H** method reveal that, for the latter to be an improved method, the
frequency weighting should be carefully chosen.

The paperis organizedas follows. Section Il develops the winged-
cone model and the fundamental decoupling issues. Section III is
devoted to the traditional Shapiro eigenstructureassignmentdecou-
pling design. The major contribution of the paperis Sec. IV, where
the constrained H* design and its generic algorithm solution are
developed. The various design methods are compared in Sec. V.

II. Winged-Cone Configuration and Fundamental

Decoupling Issues

The benchmark example consideredhere is the winged-conecon-
figurationdescribedin Refs. 1-3. In the presentcase study, the prob-
lem is to design a full state longitudinal controller gain matrix K
(Fig. 1) based on two different approaches. The first approach is
the classical eigenstructureassignment. The second approachis the
H*®° design subject to eigenvalue constraints.

The winged-cone accelerator air vehicle consists of an axissym-
metric conical forebody, a cylindrical engine nacelle section with
engine modules all around the body, and a cone frustrum engine
nozzle section. The linearized longitudinal model represents a flight
condition for trimmed accelerated flight at Mach 8 and 86,000 ft.
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The system is described by the linear time-invariant matrix differ-
ential equation
X, =Acx.+ B, o))

where x. is the state vector and u,. is the control effort vector. The
A, and B, coefficient matrices are given by

3.65¢—3 —9.67e—1  0.00  —5.56e—1 —1.43¢—3
—3.92¢—5 —8.16e—2  1.00  —8.44e—5 9.25¢—
2.0le—3 303  —9.52—2 1.55¢—5 —1.08¢—5
2.73¢—6  7.77e—6 100 —7.77e—6 —1.02e—9
L 2.08¢—2 —1.37¢+2  0.00 1.37e+2 0.00
()
9.70e— 7.60
3.35¢—2 —2.09¢—3
B,=| 108 000 |=[b b, 3)
0.00 0.00
0.00 0.00

The state vector and the control effort vector are:

14 incremental velocity, ft/s
o incremental angle of attack, deg
x.=|q|= pitch rate, deg/s )
0 incremental pitch attitude, deg
L h_ incremental altitude, ft J
" - |:6€_ _ [ symmetric elevon deflection, degi| )
¢ on | fuel equivalent ratio

The elevon and the fuel equivalent ratio actuators are modeled as
first-order lags by

5, -30 0 s, N 30 0[r ©
s,] Lo —100] |8, 0 100]|r,
where r, and r, are the command signals to the symmetric elevon
and the fuel equivalentratio, respectively.

Consider the linear time-invariant winged-cone model with full
state feedback control K and reference signal r:
x = Ax + Bu 7)

®)

u=r—Kx
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Table 1 Desired closed-loop eigenvalues

Eigenvalue = Frequency,rad/s  Damping ratio

Desired eigenvalue Comment

1 0.25000 0.7000 —0.1750+ j0.1785 Phugoid mode
2 0.2500 0.7000 —0.1750 — j0.1785 Phugoid mode
3 10.0000 0.7000 —7.0000+ j7.1414  Short-period mode
4 10.0000 0.7000 —7.0000 — j7.1414 Short-period mode
5 0.1000 1.0000 —0.1000 Altitude mode
6 31.0000 1.0000 —31.0000 Elevon actuator mode
7 101.0000 1.0000 —101.0000 FER actuator mode
ooon delta_e <
00 »l+ [ a0 R ’ v el av
— - $+30 Mux X' = Ax+Bu
¢ y =Cx+Du —'|-> ;{ alpha
inv(SI-Ac)Be Demux
E(l)l%:lﬂ P+ 100 delta_n theta) e Lm
— B 7| s+i00 * |
:
inv(SI-A)B ;ll h
Demux Mux
Controller
1_
Fig.1 Simulink block diagram of the overall controller design.
A. b, b, Based on these requirements, and because, for the altitude mode
A=10 =30 0 ) to remain decoupled, the altitude eigenvalue must be made neu-
trally or just slightly stable, the desired closed-loop characteris-
0 0 —100 tics were selected as in Table 1. (This choice of a stable altitude
closed-loop pole As yields a controller for maneuvers and distur-
0 0 bance rejection at constant altitude. Relaxing the stability of A
] g y
B=130 0 |= [bre b, ] (10) would yield a controller for such maneuvers as change of altitude,
0 100 ! climbing, and so on. Because this is a different design philosophy
and because, in general, the design is quite sensitive to the closed-
loop poles, the case of a relaxed stability A5 is postponed to a later
Xe paper).
x=| b (1D The desired eigenvectors are chosen such that, in the short-
8 periodiceigenvectorsvs and v4, the angle of attack and the pitchrate

r= [r} (12)
Iy

The eigenvalues of the A matrix are 13 = —0.0009 + ;0.0356,
phugoid mode; A5'=—0.0009 — j0.0356, phugoid mode; A§' =
—1.8312, short-period mode; Aﬁl =1.6533, short-period mode;
15" =0.0065, altitude mode; Ag' = —30.0000, elevon actuator mode;
and Agl = —100.0000, fuel equivalent ratio (FER) actuator mode,
where the superscript ol stands for open loop.

Because the open-loop system is unstable due to the right half-
plane eigenvalues A4 and Xs, a controller is required to make the
system stable and achieve acceptable responses. Performance ob-
jectives based on MILSPEC describedin Refs. 4-6 are defined and
used as a guideline for acceptable short-period and phugoid pole
placement locations. The short-period mode specifications are

1.00 < w, < 10.0, 0.35 <& < 1.30
and the phugoid mode specification is

0.10 < £

are present while the velocity is decoupled. Moreover, the phugoid
eigenvectors v; and v, are coupled with the pitch angle and the
forward velocity while holding the angle of attack decoupled. This
choice of eigenvectors is motivated by the flight dynamics of the
problem, that is, during the short-period mode, the pitch angle is
small and the velocity is constant, and during the phugoid mode,
the angle of attack is constant. This yields a good degree of decou-
pling between these modes.

As we shall see, these eigenvectorrequirements produce the desir-
able feature that the throttle signal r,, controls the velocity V within
the phugoid mode while all other short periodic state variables are
unaffected. More important, the elevon signal r, controls the angle
of attack within the short-periodic mode while the phugoid state
variables V and / are kept minimally affected. During this maneu-
ver, though, the phugoid pitch angle variable 6 is affected because
of the constraint of holding the altitude decoupled, which yields
y =0 —a =0 where y is the flight-path angle.

In addition, the system must show acceptable response to initial
angle-of-attack disturbance. Accurate angle-of-attack control, de-
coupled from the phugoid mode, is mandated by the requirement
that the airflow to the airbreathing engine be kept uniform because
otherwise the engine could stall.

To get a more accurate idea as to what the specifications in an
airbreathing hypersonic vehicle are and how to go about matching
them using the eigenstructure and H* methods, observe that the
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closed-loop transfer matrix has a partial fraction decomposition of
the form

1
sI—A+BK)Y' =V, W,
¢ ) PP — (4 A)s + Mg

1
+V, W, + V. W,
TSt = (A As + )y s —As

1
S—)\.7

1
+V W, ——+ VW,
N —)\.5

In the preceding equation, the A; are the closed-loop eigenvalues,
[V, Vi V. V. V,]is the right eigenvectors matrix, the columns
of which are the phugoid, short periodic, altitude, elevon, and FER
modes, respectively, and

L,
is the matrix of row left eigenvectorstaken in the same order. More-
over, the right and left eigenvectors are normalized as W, V, = 1.

The response to a unit step reference signal r(s) =1/s, where r
could be either r, or r,, and b could be either b,, or b,n, is given by

1 1
=(tI—A+BK)'b =V, W,b— + V,W,b—
x(s)=(s + BK)™ br(s) (, f A1A2+ Wb

1 1 11\1
—V,Wb— — V. Wb— — V,Wb— |-
As e s

A7
R} + S}
+V,W,b p T
52 — (A + A2)s + AiAo
Rys + S5 1
+VYWYb As+ - - aWab—
52— (A3 + A4)s + Ashy As(s — As)
1
-V Wbp———— -V, W hp——————
Ae(s — Ae) o A7(s — A7)

where R, S,, R,, and S; are residues.

Now, consider the problem of tracking an angle-of-attack ref-
erence signal, namely, br =b,,r,. To have an acceptable response
where o (f) climbs to its steady-state value

[Vp pre(l/a),z;) + VYWYbF(l/a)g) - Va Wabe(l/)"S)
— VWb, (1/36) = V, Wb, (1/47)],

with the fast closed-loop short periodic dynamics, the crucial de-
coupling requirement s to keep the phugoid component of o small,
that is,

(Vp prrg)z = (Vp)Z prrg

In the traditional Shapiro eigenstructureassignment, this is accom-
plished by keeping the second component of V,, small, as shown
in Table 2 (although no control is directly exercised over W,,). The
traditional eigenstructure assignment is developed in Sec. III. On
the other hand, to keep (V,W,b,,), small using H* methods, the
guiding idea is to minimize the H* norm of the transfer function:

W,(s)Co(sI—A+BK)™'b,,, C,=[0 1 0 0 0 0 0]

where W, (s) is abandpassfilter around the phugoid mode to weight
the undesirable component C, V,W,b,, more heavily than the de-
sirable componentC, V,Wb,,.

Table2 Desired eigenvectors

Parameter vV, Vs

=
=
=

Eigenvector Vi V2 V3 V4 Vs V6 V7

a

—_
o

(=}
G}

Velocity X
Angle of attack 0
Pitch rate X
Pitch attitude 1
Altitude X
Symmetric elevon X
Fuel equivalentratio  x

=R X &R %O
R X R X =0
R =R X RO

4Here x is an unspecified component.
bHere 1 means that some coupling should be present.
“Here 0 means that there should be no coupling.

A similar analysis can be done to achieve a free response to an
angle-of-attackinitial condition,decoupled from the phugoid mode.
In this case, we minimize the H* norm of

W,()Co(sI—A+BK)™'[0 1 0 0 0 0 0]

This is essentially the case study of Sec. V.
A dual analysis can also be done to secure a velocity response to
b,, decoupled from the short periodic. Traditionally, this is achieved
by keeping

(V,W,b,) = (V,),[W,b,,]

small. The specification of a small V, is shown by the two Os ap-
pearing on the velocity components of the short-periodeigenvectors
v3 and v4. On the other hand, using H* techniques, we minimize

W,(s)Cy (s — A + BK)‘lb,7
where W, (s) is a bandpass filter around the short period.

III. Eigenstructure Assignment
Using Full State Feedback

The first and most traditional method to decouple is to design
the controller gain matrix by eigenstructure assignment using full
state feedback. The eigenstructure design consists in placing the
closed-loop eigenvalues according to such specifications as shown
in Table 1 and the desired eigenvectors based on such structure as
shown in Table 2.

The classical algorithm for the eigenstructure assignment can
be described as follows. Consider a linear time-invariant system
with full state feedback control as described by Egs. (7-12), where
x € R"*! is the state vector, u € R"*! is the control input vector,
AeR"™", BeR"™ ™, and K € R"*" is the state feedback gain
matrix. In the eigenstructure assignment using full state feedback,
we assume that the sets of open-loopeigenvaluesand desired closed-
loop eigenvaluesare disjoint. Moreover, the desired eigenvaluesare
distinct. Hence, the closed-loop eigenvector equations are

Ol — A+ BK)v; =0, (I — Ay, = —BKv;, (13)

or, equivalently,

v, = (A — A)7' Bu, (14)
u, = —Kv; (15)
where i =1,2,...,n and u; € R"*'. Because pairwise distinct

eigenvalues will have linearly independent eigenvectors, the para-
metric representation of the control matrix K is given by

K=-UVvV"! (16)

where U =[u,,u,,...,u,] and V =[v{,vs,...,v,]. The eigen-
structuremethodis to choose U suchthatthe eigenvectorshave some
desiredstructure.In general, the desiredeigenvectorsdo notresidein
the subspace generated by the columns of the matrix (A; 1 — A)~'B.
Hence, we use a weighted least-squaresfit method to obtain the best
possible choice of the achievable eigenvectors. First, we consider
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the desired eigenvectorv{ corresponding the eigenvalue ;. Then,
we minimize the cost function

J=Y (L))" R — L) (17

i=1
relativetou,, u,, ...,u,, where
Li=0I1—-A"'B (18)

and R; is asuitablyadjusted symmetric positive semidefinite weight-
ing matrix. It is adjusted to penalize the mismatch along the direc-
tions for which there is a hard specification (0,1) and not to penalize
along the unspecified x directions. The solution of the weighted
least-squares problem is

w = (LYR.L;) ' LERy! (19)

IV. Genetic Algorithms Parametric
H* Design Optimization
The new method consists in achieving a decoupling between the
short-periodmode and the phugoidmode based on parametriceigen-
values assignment where the freedom left beyond eigenvalues as-
signment is used to minimize the H*° norm of a transfer function
matrix representing the couplings to be destroyed.

A. Parametric Eigenvalue Assignment

The parametriceigenvalueassignmentis due to Liu and Patton.”~
This procedure for parametric eigenvalue assignment can be para-
phrased, for the case of simple closed-loop eigenvalues in accor-
dance with MILSPEC, as follows (see Liu and Patton’"?).

Define a closed-loop self-conjugateeigenvalue set A ={A;: ; €
C,i=1,2,...,n}. The parametric eigenvalue assignmentrelies on
rewriting

9

(}‘-11 — A)V[ = Bu[ (20)

in matrix format as

AV = BU 2D
or
i Bl =0 (22)
(A =Bl |=
where
M1 —A)
- Ml —A
L ()"nl - A)J
B
_ B
B = . (24)
] ]
The crucial step is to do the singular value decomposition
[A —Bl=Xxxv" (25)
where
P R (26)
Lo o

where X, € R” *” is nonsingular, p is the rank of £, X and Y are
unitary matrices partitioned conformably with ¥, and Y# is the
complex conjugate transpose of Y. It follows that

o)=L

where A € R®+m=#>n jg an arbitrary matrix that parameterizes
freedom beyond eigenvalue assignment.
Let V(A), U(A) be the solution. Hence,

K(A) = -UA)V(A) 27

It can be verified by tedious manipulation that if A is a self-
conjugate set then K is real. In the computer implementation, we
have followed more closely the original development by Liu and
Patton,” where the arithmetic is kept real.

B. H® Formulation

Clearly, the parameters in the matrix A can be chosen arbitrarily.
Hence, we choose the parameter matrix A to achieve decouplingbe-
tween the short periodic mode and the phugoid mode. The objective
function to be minimized to achieve decoupling is the maximum
singular value of a frequency-weighted transfer matrix incorporat-
ing transmissions from actuators to tracking errors, transmissions
from actuators to outputs to be decoupled from actuators, as well as
transmissions from some initial conditions to outputs to be decou-
pled from initial conditions. When these guidelines are followed,
the generic performance optimization problem can be described as
follows:

AIII%?)“W(S){CT[S[ —A+BK(M] "By + Dl (28)

In Eq. (28), A = {§;;} is the matrix of free parameters, fori =1, 2,
...,n+m—pandj=1,2,...,n. T is adiagonal scaling matrix
to adjustthe desired scalings from the unit step actuatorinputs to the
steady-stateresponses. C is a matrix specifying the controlled vari-
ables. D is a matrix that sets up the tracking/disturbance rejection
requirements. It is made up of Os and —1s. A row of Os introduces a
disturbancerejection term whereas a —1 introducesa tracking error
term between the actuator corresponding to the column position of
—1 and the output corresponding to the row position of —1. W (s)
is the frequency-dependert weighting matrix. By, is a modified B
matrix to allow some initial conditionsto be treated as disturbances.

Here we focuson the designobjectiveof obtaininga good tracking
performance between the angle of attack and the symmetric elevon
and a good rejection of an angle-of-attack initial condition. The
B, B;,, CT, D, and W (s) matrices are chosen as follows:

B = [b’f b’w]’ By, = [b’w b[]

b, =[0 005 0 0 0 0 0]

CT=[0 100 0 O 0O O O, D=0 0]
WS
W(s) =
52+ (w1 + w2)s + wiw;
w; = 0.01 rad/s, w, = 1 rad/s

It turns out that good performanceis achieved by this simple, but
carefully chosen, performance function. In the preceding matrices,
b; isintroducedto emulate an angle-of-attackinitial conditioninput.
The controlled output, specified by CT, is obviously the angle of
attack. Most important, W (s) is a weighting from 0.01 to 1 rad/s
covering the phugoid mode. It is designed to reject the slow phugoid
componentin the angle-of-attack response, so that the dynamics of
the angle-of-attackresponse would follow the (fast) short periodic.
This is a specific manifestationof the short periodic/phugoid decou-
pling requirement.

C. Genetic Algorithm Solution
To solve the preceding optimization problem, we use genetic al-
gorithms as described in Refs. 10 and 11. The genetic algorithm for
this problem is typically implemented as follows (e.g., see Ref. 12).
1) Find the parametric expressionsof the closed-loopeigenvector
matrix V and the full state feedback K. These expressions are in
terms of the matrix A. Then the problem to be addressed is to
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define an objective function that indicates the fitness of any potential
solution. The fitness functionis

J(A) = =W©S{CT[sI] — A+ BK(A)]"'Bo+ Dllls (29

2) A population of candidate solutions subject to the eigenvalue
constraintsis initialized. Typically, each trial solution is coded as a
chromosome ¢, = {§;; +}, where {;; ;:i=1,2,...,n+m — p and
j=1,2,...,n} is the set of parameters left beyond eigenvalue as-
signment of the kth trial solution. The objectiveis to find the maxi-
mum fitness chromosome ¢* defined as

J[A(cH] = mkax J[A(c)] = mkax [—|| W(s)(CT{sI —A

+ BK[A(e))}) ' B+ D)l (30)

Then keep a copy of the maximum fitness chromosome c¢* to be
reinstalled in the chromosome set of the next generation.

3) Each chromosome ¢; is assigned a probability of reproduction,
p(c),i=1,..., M, proportional to its fitness relative to the other
chromosomes in the population. Let the parameter r be the ranking
of the individualchromosomes, where ¥ = 1 is the maximum fitness

20 T T T T T T T T
18 .......... ........... ......... .
'T-1 LV .......... ........... ......... ]
1abkdo b P e o
12 ............................................................................................... —
D
e}
2
a10 ................................................................................................ -
£
]
8 .................................................................................................
6 .................................................................................................
4 ..................................................................................................
2 ,,,,,,,,,,,,,,,,,,, I T e S T T T T TR T T T T 2 T T T -
0 1 H 1 1 1 ] i L
1 2 3 4 5 6 7 8 9 10
Generation

Fig.2 Evolution of the maximum of the H* norms of all error transfer matrices as a function of the generation.

10°

amplitude

1 2 3 4 5

6 7 8 9 10

Generation

Fig.3 Evolution of the average of the infinity norms of all error transfer matrices as a function of the generation.
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chromosome. Let the parameter ¢ be the geometric selection con-
stant. Then the probability of reproductionfor the rth chromosome
c, is

pe) ={g/ll = A ="} -1 —gq) ! 3D
The parameter g has the simple interpretation as the probability of
reproduction of the best individual since

ple) =g/l -0 -q)"~q (32)

Thg maximum singular value plot of the error matrix
10

- [T eigenstucTuTg
<. ~. parametric H}

magnitude

10 10° 10° 10*
frequency [rad/sec]

I?ode magnitude plot of (1,2) entry of error matrix
10 s

magnitude
)

10 10° 10° 10

frequency [rad/sec]
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when the population size M is sufficiently large. This selection
method is called normalized geometric selection.

4) According to the assigned probabilities of reproduction, p(c;),
i=1,..., M, a new population of chromosomes is generated by
probabilistically selecting strings from the current population. The
selected chromosomes generate offsprings via the use of specific ge-
netic operators,such as crossoverand mutation operators.Crossover
operatorsare applied to two chromosomes (parents) and creates two
new chromosomes (offsprings). There are three crossover operators
used in this problem.

?ode magnitude plot of (1,1) entry of error matrix

10
M eigenstructure
. _. parametric H"|
0
o 10
©
2
=
o
£
107°
10 :
10
107 10° 10° 10*

frequency [rad/sec]

@ode magnitude plot of (2,1) entry of error matrix

10 -
igenstructure;
. parametric H']

magnitude

frequency [rad/sec}]

Fig. 4 First set of frequency responses of error transfer matrix.
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10° 10° 10° 10
frequency [rad/sec]
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1072

Fig.5 Second set of frequency responses of error transfer matrix.
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The first crossover operator is simple crossover. This operator
is defined as follows: If ¢, = (v, ..., v;) and ¢, = (wy, ..., wy)
are the chromosomes selected to crossover, then the resulting off-
springs are ¢, = (Vy, ..., VU, Wy41,...,wy) and &, = (wy, ...,
Wy, Uy 41, - - -, V), Wherer is uniformly randomly selected between
land L —1.

The second crossover operator is the arithmetic crossover. This
operatorisdefined as follows:Ifc; = (v, ..., vy )andc; = (wy, .. .,

5Bode magnitude plot of (4,2) entry of error matrix

LOHSOONTHORN, DALZELL, AND JONCKHEERE

w;) are the chromosomes selected to crossover, then the result-
ing offsprings are ¢,=a-c;+ (1 —a)-c; and &, =(1—a)-c, +
a - ¢;, where the number a is uniformly randomly selected between
Oand 1.

The third crossoveroperatoris the heuristiccrossover. This opera-
tor is defined as follows: If ¢; = (v, ..., v.) andc, = (wy, ..., W)
are the chromosomes selected to crossover, with the fitness of
¢, greater than the fitness of ¢, then the resulting offsprings are

oBode magnitude plot of (5,1) entry of error matrix

10 10
100 B T N | s
o ® 1 0 ...................................
=z T
2,5 =
S, 10 ........................................ g,
I : @
S . & 10'10 ............. D N
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10 10
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frequency [rad/sec] frequency [rad/séc]
oBode magnitude plot of (5,2) entry of error matrix
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e
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=
o
£
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Fig. 6 Frequency responses of error transfer matrix.
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Fig.7 Elevon and FER time-domain responses to elevon command.
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¢i=ci+a-(c; —¢) and ¢, =c;, where the number a is a uni-
formly distributed random number between 0 and 1.

On the other hand, mutation operators are applied to one chro-
mosome (parent) and create a new chromosome (offspring). There
are two mutation operators used in this problem.

The first mutation operator is uniform mutation. This operator
is defined as follows: If ¢, = (v;,...,v;) is the chromosome
selected for mutation, then the resulting chromosome is ¢, =

Wiy .eey Up—1, Upy Uy 41, ..., V), where ¥, is arandom variable uni-
formly distributedover from the interval [L,, U, ] of the correspond-
ing rth parameter where U, and L, are the upper bound and the
lower bound, respectively, of the domain of the parameter v,. The
number r is a random number uniformly distributed between 1
and L.

The second mutation operator is boundary mutation. This oper-
ator is defined as follows: If ¢; = (vy, ..., v;) is the chromosome
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selected for mutation, then the resulting chromosome is ¢; =

(Viy ooy U1y Upy Uy g1, ..., VL), Where
o (u if a>=05
v, = .
L, if a<0.5

The number a is a uniform random number between 0 and 1. The
number 7 is a uniform random number between 1 and L. The pa-
rameters U, and L, are the upper bound and the lower bound, re-
spectively, of the domain of the parameter v, .

5) Replace the worst chromosome in the new population by the
best chromosome ¢* in the previous generation.

6) The process is stopped if a suitable solution of acceptable fit-
ness has been found or if the available computing time has expired;
otherwise, the process proceeds to step 2, where the new chromo-
somes are scored and the cycle is repeated.

7) Synthesizethe controller K by using the optimal chromosome.

The parameters of this genetic algorithm are shown in Table 3.
The resulting evolution of the infinity norm of the error transfer
matrix over the generationsis shown in Figs. 2 and 3.

The problem with geneticalgorithmsis how to choose the param-
eters of the genetic algorithm. Because the theoretical convergence
resultsrely on the hypothesisof infinite populationsize and infinitely

LOHSOONTHORN, DALZELL, AND JONCKHEERE

crossoverand the mutationoperationsto guaranteea globaloptimum
are not known. Moreover, the parameters of the crossover and the
mutation operationsaffect therate of the convergenceand couldlead
to premature convergenceof the genetic algorithm. In this particular
simulation, a specific problemis that, althoughthe geneticalgorithm
convergesaftera very few generations, it is computationally very in-
tensive for each generation. This problemis due to the complexity of
the fitness function. In this problem, the fitness functionis the infin-
ity norm of the error transfer matrix. The computation of the fitness
functioninvolvesthe computationof the supremumoverall frequen-
cies of the maximum singular value of this transfer matrix using a
bisection method. This creates a serious computational burden in
the Matlab® implementation, resulting in a slow genetic algorithm.

We note that another computational implementation of the
Shapiro eigenstructure assignment is provided by the geometric
decoupling problem.!* 14

V. Simulation Results and Interpretation
The full state feedback gain matrices K, for both the eigenstruc-
ture and the constrained H *° approaches,are shown in Table 4. The
various frequency response plots of the error transfer matrix,

many generations, the selection criteria for the parameters of the 0.1v 0.1v !
Table3 Parameters of the genetic algorithm Te Ty
Parameter Value 100 — 100
- Te r,
Number of generation 10
Population size 100 1 20gq 20q
Geometric selection constant 0.3 CT(sI —A+BK)" B+D = r r
Number of retries for heuristic crossover 3 ¢ 7
Arithmetic crossover 20 per generation 1006 1006
Heuristic crossover 20 per generation ” ”
Simple crossover 20 per generation ¢ 7
Uniform mutation 5 per generation 0.001Ah 0.001Ah
Boundary mutation 5 per generation ’ ’
L e o
Table4 Controller gain matrices
Method Controller gain matrix K
Eigenstructure —0.0065 105.2929 13.0113 —8.7237 —0.0499 0.4935 —0.0027
0.0371 —93.5424 2.8952 94.6092 0.0682 —0.0004 0.0147
Parametric H* —0.0114 102.0694 13.3835 —5.2256 —0.0391 0.4985 0.0199
0.0341 —53.4998 8.6776 85.1538 0.0476 0.1114 0.0132
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for both the eigenstructure and the constrained H* method, are
shown in Figs. 4-6. The time-domain responses for both methods
are shown in Figs. 7-12.

First, observe the surprising consistency between the respective
entries of the gain matrices of the eigenstructureand the constrained
H*® approaches.

Next, it is easily seen that, except for a very few minor excep-
tions, constrained H*° optimizationdoes a better job at shaping the
frequency response of the error transfer matrix. This is not surpris-

ing, because H* directly shapes the frequency response whereas
eigenstructure does it quite indirectly. More specifically, observe
that the maximum singular value of the error transfer matrix for the
parametric H* design is lower at low frequency than for the eigen-
structure design. This is because the parametric H* design error
function is weighted with a low-pass filter W (s).

Regardingthe time-domainresponses, the two methods are nearly
perfectly aligned (despite their quite different design methodolo-
gies) as fas as control of the velocity by FER and response to
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angle-of-attack initial condition are concerned. However, the new
method works markedly better at controlling the angle of attack by
elevon. Also, better control of the pitch angle (and, hence, of the
altitude via the relation y =6 — «) is achieved.

Clearly, this case study is an angle-of-attack tracking maneuver
at constantaltitude, which in turn requires the pitch angle to follow
the angle of attack along with a velocity drop. The altitude holding
is basically due to the altitude eigenvalue being assigned the stable
value of —0.1 (see Table 1). Relaxing this latter constraintto allow
foramarginally stablealtitudeeigenvalueand using the same overall
philosophy produces a climb maneuver.

V1. Conclusions

Whereas the Shapiro eigenstructureassignmentrelies on elemen-
tary linear algebra and has been successfully used in such designs
as the lateral control of the B-2, it nevertheless incorporates many
subtle points that the present paper has attempted to pin down. Du-
plicating, a fortiori out performing, eigenstructure assignment by
H* methods can only be done at the expense of a careful choice
of the transfer matrix to be minimized, combined with a careful
choice of the frequency weighting. From a deeper theoretical point
of view, eigenstructureassignmentis in fact a geometric decoupling
problem, to which the Shapiro algorithm only provides intuitive ap-
proximate solution.
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